This paper is a natural continuation of the previous paper J. Phys. A: Math.Theor. 44 (2011) 425204, arXiv:0907.1736 where oscillator representations for nonnegative Calogero Hamiltonians with coupling constant α ≥ −1/4 were constructed. Here, we present generalized oscillator representations for all Calogero Hamiltonians with α ≥ −1/4.These representations are generally highly nonunique, but there exists an optimum representation for each Hamiltonian. 
Introduction
This paper is a natural continuation of the previous papers [6] and [2] . In [6] , see also sec. 7.2 in [5] to which we mainly refer in what follows, all one-particle Calogero Hamiltonianŝ H e associated with self-adjoint (s.a. in what follows) Calogero differential operation
α is a dimensionless coupling constant, were constructed as s.a. operators in L 2 (R + ) and their spectra and (generalized) eigenfunctions were evaluated including inversion formulas. In [2] , the so-called oscillator representations for nonnegative Calogero HamiltoniansĤ e , H e ≥ 0, with α ≥ −1/4 were constructed. An oscillator representation is a representation of the formĤ
whereĉ andĉ + is a pair of closed mutually adjoint first-order differential operators,ĉ + = (ĉ) + ,ĉ = c = (ĉ + ) + . Such a representation makes evident that the HamiltonianĤ e is nonnegative. Here, the results in [2] are generalized to all Calogero Hamiltonians with α ≥ −1/4, generally not nonnegative, in the form of generalized oscillator representations.
The initial basic ideas of the generalization are as follows.
As is known, all Calogero Hamiltonians with α ≥ −1/4 are bounded from below [5] . From the general standpoint, this is a consequence of that the initial symmetric operator H associated withȞ with α ≥ −1/4 and defined on the subspace D(R + ) of smooth compactly supported functions is nonnegative and therefore, all its s.a. extensionsĤ e , which are just the Calogero Hamiltonians, are bounded from below [1, 7] . This implies that for each Calogero HamiltonianĤ e with α ≥ −1/4, there exists a nonnegative constant u such that the operatorĤ e +u 2Î , whereÎ is the identity operator, is nonnegative and may allow an oscillator representation of form (1) . The operatorĤ e +u 2Î is evidently associated with the differential operationȞ + u 2 . The parameter u is of dimension of inverse length, and it is convenient to represent it as u = sk 0 , where s ≥ 0 is a dimensionless parameter and k 0 > 0 is a fixed parameter of dimension of inverse length. By a generalized oscillator representation for Calogero HamiltonianĤ e , we mean a representation of the form
whereĉ andĉ + are of the previous meaning; s = 0 yields an oscillator representation. Such representations is one more aspect of the general Calogero problem. They can be useful for many reasons, including the spectral analysis of the Hamiltonians. In particular, representation (3) for a HamiltonianĤ e makes evident thatĤ e is bounded from below, and its spectrum is bounded from below by −(sk 0 ) 2 , which is the lower boundary of the spectrum if the kernel of the operatorĉ is nontrivial, kerĉ = {0}; then kerĉ is the groundspace (ground state) of the Hamiltonian and E 0 = −(sk 0 ) 2 is its ground-state energy.
A starting point for constructing oscillator representations (2) was the oscillator representation for the respective differential operationȞ that is a representation of the form
whereǎ is a first-order differential operation andǎ * is its adjoint by Lagrange, see [1] . Accordingly, a starting point for constructing generalized oscillator representations (3) for Calogero Hamiltonians with the coupling constant α ≥ −1/4 should be a generalized oscillator representationȞ =bǎ − (sk 0 ) 2 , s ≥ 0,
for the respectiveȞ with certainǎ andb of the previous meaning. Let differential operationȞ (1) allows generalized oscillator representation (4) . If we introduce the pair of initial differential operatorsâ andb in L 2 (R + ) defined on D(R + ) and associated with the pair of the respective differential operationsǎ andb, then the initial symmetric operatorĤ is evidently represented aŝ
Letĉ andĉ + be a pair of closed mutually adjoint operators that are closed extentions of the respective initial operatorsâ andb,â ⊂ĉ,b ⊂ĉ + . Then the operator
is an evident extension ofĤ,Ĥ ⊂Ĥ ext . By the von Neumann theorem [4] , for a proof, see also [1] , the operatorN =ĉ +ĉ , whereĉ is closed,ĉ =ĉ, is s.a. and nonnegative, N =N + ≥ 0; in addition, if kerĉ = {0}, thenĉ is an eigenspace with the minimum eigenvalue 0 which is the lower boundary of the spectrum ofN . Therefore, operatorĤ ext (5) is s.a. , which means thatĤ ext is a certain Calogero HamiltonianĤ e represented in the generalized oscillator form (3) providing its above-mentioned properties.
We note that generalized oscillator representation (3) for a Calogero Hamiltonian is equivalent to the representationĤ
whered andd + is a pair of closed mutually adjoint operators that are extensions of the respective initial operatorsb andâ: it is sufficient to make the identificationsĉ =d + ,ĉ + = d. Constructing a pairĉ ⊃â,ĉ + ⊃b or a paird ⊃b,d + ⊃â is a matter of convenience: we can start with extendingâ to its closure or with extendingb to its closure.
Varying the parameter s in (4) and involving all possible mutually-adjoint extensions of the initialâ andb with given s, we can hope to construct generalized oscillator representations (3) for all Calogero Hamiltonians with α ≥ −1/4 . We show below that these expectations are realized. An identification of HamiltoniansĤ e (3) with the known Calogero Hamiltonians in [5] is straightworward for α ≥ 3/4 because the Hamiltonian with given α ≥ 3/4 is unique, while for −1/4 ≤ α < 3/4, an identification goes through evaluating the asymptotic behavior of functions belonging to the domain ofĤ e (3) at the origin and comparing it with the asymptotic s.a. boundary conditions specifying different Calogero Hamiltonians with given α ∈ [−1/4, 3/4) [5] .
We say in advance that generalized oscillator representation (3) for a given Calogero Hamiltonian is generally highly nonunique; in fact, there exists a one-, or even two-, parameter family of generalized oscillator representations for each Hamiltonian, among which there exists an optimum representation.
As to generalized oscillator representations for Calogero Hamiltonians with the coupling constants α < −1/4, there are no such representations and can not be because these Hamiltonians are not bounded from below [5] .
General
We begin with looking into the possibility of generalized oscillator representation (4) for Calogero differential operationȞ (1), i.e., representingȞ as a product of two finite-order differential operations mutually adjoint by Lagrange minus a nonnegative constant:
the fixed parameter k 0 is of dimension of inverse length. In fact, we deal with a family {ǎ(s),b(s)} of mutually adjoint by Lagrange differential operations. We often omit the argument s in the symbolsǎ andb for brevity and write it when needed. The representation (6) with s = 0 is an oscillator representation forȞ, it was considered in [2] . It is desirable thatǎ(s) andb(s) be continuous in s, in particular, it is desirable to get the known oscillator representations forȞ from generalized oscillator representations (6) foř H in the limit s → 0. It is easy to see thatǎ andb have to be first-order differential operations,
The substitution of (7) into (6) results in the following necessary and sufficient conditions on the function h(x) for representation (6) to hold:
, which is the Ricatti equation. We additionally require that the functions θ(x) and h(x) be nonsingular in (0, ∞). The arbitrary phase factors e ±iθ(x) in (7) are irrelevant because they trivially cancel in the productbǎ; their fixing is a matter of convenience. We set θ(x) = 0, so that in what follows,ǎ andb in representation (6) are given by
We recall that in fact, we have a family {ǎ(s) = d x − h(s; x),b(s) = −d x − h(s; x)} of mutually adjoint first-order differential operations and the corresponding family {h(s; x)} of functions h. The representation (6), (8) , (9) with given s, if it exists, is generally nonunique: if nonlinear equation (9) with given s has a family of different admissible solutions h, there is a family of the respective different pairsǎ,b (8) providing the desired representation, so that apart from s, the symbolsǎ andb can contain a certain additional argument, let it be µ, parametrizing the family of admissible h's with given s, and we actually have a twoparameter family {h(µ, s; x)} and the respective family {ǎ(µ, s),b(µ, s)}. Where possible, this parametrization must be such that to provide a smooth transition to the limit s → 0 which reproduces the known oscillator representations forȞ. We write the arguments s and µ when needed and omit them for brevity if this does not lead to misunderstanding.
It is easy to prove that differential operationȞ (1) allows generalized oscillator representation (6), (8) , (9) , iff the homogeneous differential equation
or the eigenvalue problemȞ
(which can be considered a stationary Schroedinger equation with "energy" −(sk 0 ) 2 ) has a real-valued positive solution (with no zeroes in (0, ∞)),
and in this case,
It is evident that the function φ is defined up to a positive constant factor. We also note that by φ(x) is actually meant a family {φ(s; x)}, we write the argument s when needed.
Necessity. LetȞ allow representation (6), (8) , (9) with a function h(x) absolutely continuous in (0, ∞). We introduce the real-valued positive function φ(x) defined up to a positive constant factor by
so that the function h(x) can be represented as
It is easy to verify that equation (9) for h(x) implies eq. (10) for φ(x).
Sufficiency. Let φ(x) be a real-valued positive solution of eq. (10) . It is easy to verify that the function h(x) = φ ′ (x)/φ(x) is absolutely continuous in (0, ∞) and satisfies eq. (9) thus providing representation (6), (8) , (9) forȞ.
We thus obtain that an existence and a possible nonuniqueness of representation (6) is formulated in terms of eq. (10) as follows. If eq. (10) has no real-valued positive solution, there exists no representation (6) . If eq. (10) has a unique, up to a positive constant factor, real-valued positive solution φ, there exists unique representation (6), (11). If eq. (10) has two linearly independent real-valued positive solutions φ 1 and φ 2 , there exists a one-parameter family {ǎ,b} of different admissible pairsǎ,b providing the desired representation. This family is in one-to-one correspondence given by (11) with a family {Aφ 1 + Bφ 2 , A, B : Aφ 1 (x) + Bφ 2 (x) > 0, x > 0} of pairwise linearly independent real-valued positive solutions of eq.(10) defined modulo a positive constant factor: the constant coefficients A and B that differ by a positive constant factor yield the same paiř a,b. The range of admissible coefficients A and B has to be established. When possible, a single parameter, let it be µ, parametrizing these coefficients, A = A(µ) and B = B(µ), must be introduced in such a way as to provide a proper oscillator representations forȞ in the limit s → 0.
The general solution of eq. (10) with s > 0 is given by
or by
Here, I ±κ are the modified first-order Bessel functions and K κ is the McDonald function (another name for these functions is the Bessel functions of imaginary argument ), A and B are arbitrary complex constants. Whether the right-hand sides in (12) or in (13) can be real-valued and positive under an appropriate choice of coefficients A and B crucially depends on a value of the coupling constant α. Two regions of the coupling constant differ drastically, α < −1/4 and α ≥ −1/4, which we consider separately. In the second region, the point α = −1/4 is naturally distinguished.
We first consider the region α < −1/4 where a situation with generalized oscillator representations is most simple.
In this region of the coupling constant, we use form (13) with κ = iσ of the general solution of eq. (10) with s > 0,
Because the functions I ±iσ of real argument are linearly independent and complex conjugate, I −iσ (sk 0 x) = I iσ (sk 0 x), the condition Im φ(sk 0 ; x) = 0 requires that B = A, and we obtain that the general real-valued solution of eq. (10), s > 0, is given by
The asymptotic behavior of such a function as x → 0 is of the form
which demonstrates that any real-valued solution of eq. (10) with α < −1/4 and s > 0 has an infinite number of zeros in any neighbohood of the origin. This means that the Calogero differential operationȞ (1) with α < −1/4 does not allow generalized oscillator representation (6) with s > 0. We recall that the same holds for an oscillator representation forȞ, which corresponds to the case s = 0, see [2] . We note that to have the general solution of eq.Ȟφ = 0 from the general solution (14) of eq. (10) with s = 0 as a proper limit s → 0, it is sufficient to make the substitutions A → As −iσ , B → Bs iσ .
4 Region α > −1/4 (κ > 0)
Generalized oscillator representations forȞ, differential operationsǎ andb
In this region of the coupling constant, we use form (12) of the general solution of eq.
(10) with s > 0. To include the point s = 0 in the range of admissible s, s ≥ 0, smoothly, it is appropriate to make the substitutions
Under these substitutions, the general solution of eq.Ȟφ = 0 is properly obtained from the general solution (12) of eq. (10) with s = 0 in the limit s → 0, which allows to get the known oscillator representations forȞ (1), see [2] , from generalized oscillator representations (6), (11) with s > 0 in the limit s → 0.
The general solution of eq. (10) with α > −1/4 and s ≥ 0, is then given by
Because √ k 0 xI κ (sk 0 x) and √ k 0 xK κ (sk 0 x) are real-valued and linearly independent solutions, a condition Im φ(s; x) = 0 requires that Im A = Im B = 0. The function I κ (sk 0 x) is positive in (0, ∞) and monotonically increases from zero at x = 0 to infinity as x → ∞ (see [3] 8.445, 8.451.5), while the function K κ (sk 0 x) is positive in (0, ∞) and monotonically decreases from infinity at x = 0 to zero as x → ∞ (see [3] It follows that φ(s; x) (15) is real valued and positive in (0, ∞) iff A ≥ 0, B ≥ 0, A + B > 0. As noted above, a common constant positive factor in φ(s; x) is irrelevant because it does not enter generalized oscillator representation (6), (11) forȞ.
To make this evident, we can set A = sin µ, B = cos µ, µ ∈ [0, π/2], in (15) without loss of generality.
Thus, for each α > −1/4, (κ > 0), we have a one-parameter family {φ(µ, s; x)} of pairwise linearly independent real-valued positive solutions φ(µ, s; x) of eq. (10) with given s ≥ 0 and the corresponding two-parameter family {ǎ(µ, s),b(µ, s)} of different pairs of mutually adjoint first-order differential operationsǎ(µ, s) andb(µ, s) given by (11) with φ = φ(µ, s; x),
providing a two-parameter family of different generalized oscillator representations (6) foř
As a rule, we indicate the ranges of parameters µ and s in formulas to follow only if they differ from the whole ranges, these are [0, π/2] for µ and [0, ∞) for s, the range of κ is clear from the title of section, subsection or subsubsection.
As to the main resulting formulas, we indicate the ranges of all the parameters including κ.
For the asymptotic behavior of the functions φ(µ, s; x) and the functions 1/φ(µ, s; x) at the origin, which we need below, we have
and
(19) For the respective functions h(µ, s; x) = φ ′ (µ, s; x)/φ(µ, s; x), we have
the prime ′ in the r.h.s. of (20) denotes a derivative with respect to the argument.
Initial operatorsâ andb
We introduce the pairs of initial differential operatorsâ(µ,
, and associated with each pair of the respective differential operationš a(µ, s) andb(µ, s) (16). Similarly to the differential operationsǎ andb, we often omit the arguments µ and s of operatorsâ andb for breavity if this does lead to misunderstanding, the arguments are written when needed.
These operators have the property
which is easily verified by integration by parts. It is evident from (17) that the initial symmetric operatorĤ with α > −1/4 associated withȞ and defined on D(R + ) can be represented aŝ
These representations provide a basis for constructing generalized oscillator representations for all s.a. Calogero HamiltoniansĤ e with α > −1/4 in accordance with the program formulated in Introduction. Namely, we should construct all possible extensions of any pairâ(µ, s),b(µ, s) of initial operators with given µ and s to a pair of closed mutually adjoint operatorsĉ(µ, s),ĉ + (µ, s),â(µ, s) ⊂ĉ(µ, s),b(µ, s) ⊂ĉ + (µ, s), or equivalently, to a pair of closed mutually adjoint operatorsd(µ, s),d
+ (µ, s),â(µ, s) ⊂d + (µ, s), b(µ, s) ⊂d(µ, s)(µ, s). These extensions produce the respective operatorŝ
which are certain Calogero Hamiltonians represented in a generalized oscillator form.
The bothĤ e c(µ,s) andĤ e d(µ,s) are bounded from below, in particular, their spectra are bounded from below by −(sk 0 ) 2 . If kerĉ(µ, s) = {0}, then kerĉ(µ, s) is the ground eigenspace (eigenstate ) ofĤ e c(µ,s) , while E 0 = −(sk 0 ) 2 is its ground-state energy; similarly, if kerd
2 is its ground-state energy. It then remains to identifyĤ e c(µ,s) andĤ e d(µ,s) with the known Calogero Hamiltonians and to hope that varying µ and s, we can represent all Calogero Hamiltonians in the generalized oscillator form.
We continue with extending an arbitrary pair of initial operatorsâ(µ, s),b(µ, s) to a pair of closed mutually adjoint operators.
Adjoint operatorsâ
In this subsection, the arguments µ and s of all operators involved are omitted for brevity, they are implicitly implied.
Because the operatorsâ andb are densely defined, they have the adjoints, the respectiveâ + andb + . The defining equation forâ + , i.e., the equation for pairs ψ ∈ D a + and η =â + ψ forming the graph of the operatorâ + , see [5] , reads 
Domains of operatorsâ
As a rule, in this subsection, the arguments µ and s of all operators involved, as well as of differential expressionsǎ andb and of functions φ and h, are omitted for brevity, they are written when needed. We now describe the operatorsâ + ,b + ,â, andb. In evaluating these operators, we follow [1, 7, 5] where one of the basics is the notion of the natural domain
for a given differential operationf that is the subspace of square-integrable functions ψ(x) such that the functionf ψ(x) has a sense 5 and is also square integrable, D ň f = 4 For s.a. differential operationsf =f * , the natural domain is conventionally denoted by D * f for special reason, see [7, 1, 5] .
5 For example, iff is a differential operation of order n with smooth coefficients, ψ is absolutely continuous together with its n − 1 derivatives.
We outline the results of the evaluation. The operatorsâ + andb are associated with the differential operationb =ǎ * , while the operatorsb + andâ are associated with the differential operationǎ =b * . We therefore dwell on the domains of the operators involved, which either coincide with or belong to the natural domains for the respective differential operations .
i) The domain of the operatorâ + is the natural domain for
6b
:
Because the functions h are bounded at infinity, see (20), it is immediately established in a standard way that the functions ψ belonging to D ň b vanish at infinity,
A generic function ψ belonging to D ň b
can be considered as the general solution of the inhomogeneous differential equationb
under the additional conditions that the both ψ(x) and η(x) are square integrable on R + . Therefore, with taking (18) and (19) into account, ψ belonging to
allows the representation
Estimating the integral term in (29) with the Cauchy-Bunyakovskii inequality, we obtain that the asymptotic behavior of functions ψ ∈ D ň b at the origin is given by
(30) We note that for 0 < κ < 1, the natural domain D , µ ∈ [0, π/2), 0 < κ < 1, 6 The symbol "a.c." is a contraction of "absolutely continuous".
where
ζ (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 0 for x ≥ x ∞ > 0, andD
is the subspace of functions belonging to D
and vanishing at the origin:
The final result is given by
with
given by (26) and with estimates (27) at infinity and (30) at the origin.
ii) The operatorb + is described quite similarly. Its domain is the natural domain foř a =b * :
By the same reasoning as for the case of functions ψ belonging to D ň b
, the functions χ belonging to D ň a vanish at infinity,
Using arguments similar to those for a generic function ψ belonging to D ň b(µ,s)
, with the natural interchange φ ↔ 1/φ, , we establish that a generic function χ belonging to D ň a(µ,s) allows the representation
The asymptotic behavior of functions χ ∈ D ň a(µ,s) at the origin is given by
We note that for 0 < κ < 1, the natural domain D ň a(µ,s) forǎ(µ, s) with µ ∈ [0, π/2) can be represented as a direct sum of the form
where the function χ 0 (µ, s; x) belonging to D ň a(µ,s) is given by
ζ (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 0 for x ≥ x ∞ > 0, andD ň a is the subspace of functions belonging to D ň a and vanishing at the origin:
with D ň a(µ,s) given by (33) and with estimates (34) at infinity and (36) at the origin. iii) The operatorâ is evaluated in accordance with (25),â = (â + ) + ⊆b + : as a restriction ofb + , this operator is associated withǎ and its domain belongs to or coincides with D ň a , while the defining equation forâ as (â
, is reduced to the equation for Dā, i.e., for the functions χ ∈ Dā ⊆ D ň a , of the form
Integrating by parts in (ǎχ, ψ) and taking asymptotic estimates (27), (34) and (30), (36) into account, we establish that for µ ∈ [0, π/2), κ ≥ 1and for µ = π/2, κ > 0, eq. (40) holds identically for all χ ∈ D ň a(µ,s) , while for µ ∈ [0, π/2), 0 < κ < 1, eq. (40) is reduced to DC = 0, ∀C, which requires that D = 0.
We finally obtain that
iv) Quite similarly, we find
We note that equality (43) and inclusion (44) directly follow from the respective previous equality (41) and inclusion (42) by taking the adjoints, and only the domain D b(µ,s) in the last case has to be evaluated.
We thus show that each pairǎ(µ, s),b(µ, s) of mutually adjoint by Lagrange differential operations (16) providing generalized oscillator representation (17) forȞ (1) with α > −1/4 (κ > 0) generates a unique pairâ(µ, s) =b It is easy to prove that there are no other pairs of closed mutually adjoint operators that are extensions of each pairâ(µ, s),b(µ, s). Indeed, letĝ,ĝ + be such a pair, then becauseâ(µ, s) andb(µ, s) are minimum closed extensions of the respectiveâ(µ, s) and b(µ, s), we haveâ
It follows by taking the adjoints of these inclusions that
so that we finally haveâ (µ, s) ⊆ĝ ⊆b
It then directly follows from (41) thatĝ =â(µ, s) =b + (µ, s) and thereforeĝ
differ by a one-dimensional subspace, so that either g =â(µ, s), and thereforeĝ + =â + (µ, s), orĝ =b + (µ, s), and thereforeĝ + =b(µ, s).
A consideration in this section is completely similar to that in the previous section for the case of α > −1/4 (κ > 0). A difference with the previous case is that for α = −1/4, the inclusion of the point s = 0 in the range of admissible s and getting the known oscillator representation forȞ, see [2] , from generalized oscillator representations (6) with s > 0 in the limit s → 0 calls for special investigation. We therefore distinguish the case of s > 0 and the case of s = 0.
Region s > 0

Generalized oscillator representations forȞ, differential operationsǎ andb
For the coupling constant α = −1/4, we use form (12) with κ = 0 of the general solution of eq. (10) with substitutions
Because √ k 0 xI 0 (sk 0 x) and √ k 0 xK 0 (sk 0 x) are real-valued linearly independent solutions, a condition Im φ(x) = 0 requires that Im A = Im B = 0. The function I 0 (sk 0 x) monotonically increases from 1 at x = 0 to infinity as x → ∞, while the function K 0 (sk 0 x) monotonically decreases from infinity at x = 0 to 0 as x → ∞. It follows that φ(s; x) (45) is real valued and positive in (0, ∞) iff A ≥ 0, B ≥ 0, A + B > 0. Once again, a common constant positive factor in coefficients A and B is irrelevant from the standpoint of generalized oscillator representation (6), (11) forȞ, so that we can set A = sin µ, B = cos µ, µ ∈ [0, π/2] without loss of generality.
As a result, we have a two-parameter family {ǎ(µ, s),b(µ, s)} of different pairs of mutually adjoint first-order differential operations,
As before, we indicate the ranges of parameters µ and s in formulas to follow only if they differ from the whole ranges, these are [0, π/2] for µ and (0, ∞) for s. In the main resulting formulas, we indicate the ranges of the both parameters.
For the respective functions h(µ, s; x) = φ ′ (µ, s; x)/φ(µ, s; x), we have
Initial operatorsâ andb
We introduce the initial differential operatorsâ(µ, s) andb(µ, s) associated with each pair of the respective differential operationsǎ(µ, s) andb(µ, s) (46) and defined on D(R + ). These operators and the initial symmetric operatorĤ with α = −1/4 have the properties that are copies of (21) and (22), with the change s ∈ [0, ∞) to s ∈ (0, ∞), which provides a basis for constructing generalized oscillator representations similar to (23), (24) A procedure for extending presented below is completely similar to that in the previous section for the case of α > −1/4 (κ > 0). Once again, we often omit the arguments µ and s of operatorsâ andb for brevity writing them when needed.
Adjoint operatorsâ
+ andb + , closed operatorsâ andb
Using arguments similar to those in subsec.4.3, we prove that the operatorsâ andb have adjoints, the respectiveâ + andb + , and closures, the respectiveâ andb, which form the chains of inclusions similar to (25),
An evaluation of the operatorsâ + ,b + ,â, andb is completely similar to that in subsec. 
C is an arbitrary constant for µ ∈ [0, π/2), C = 0 forµ = π/2. at infinity and at the origin is given by
The
where the function ψ 0 (µ, s; x) belonging to D
is given by
given by a copy of (26) and with estimates (50) at infinity and at the origin.
ii) The domain of the operatorb + is the natural domain forǎ,
given by a copy of (33). A generic function χ belonging to D ň a allows the representation
The asymptotic behavior of functions χ ∈ D ň a at infinity and at the origin is given by
The natural domain D 
ζ (x) is a fixed smooth function equal to 1 in a neighborhood of the origin and equal to 0 for x ≥ x ∞ > 0, andD ň a(µ,s) is the subspace of functions belonging to D ň a(µ,s) and vanishing at the origin:
with D ň a(µ,s) given by a copy of (33) and with estimates (54) at infinity and at the origin.
iii) The operatorâ is evaluated in accordance with (49),â = (â + ) + ⊆b + : as a restriction ofb + , this operator is associated withǎ and its domain belongs to or coincides with D 
Integrating by parts in (ǎχ, ψ) and taking asymptotic estimates (50) and (54) into account, we establish that for µ = π/2, eq. We finally obtain that
We note that equality (60) and inclusion (61) directly follow from the respective previous equality (58) and inclusion (59) by taking the adjoints, and only the domain D b(µ,s) in the last case has to be evaluated.
We thus show that each pairǎ(µ, s),b(µ, s) of mutually adjoint by Lagrange differential operations (46) providing generalized oscillator representations (47) forȞ (1) with α = −1/4 (κ = 0) generates a unique pairâ(π/2, s) =b
The operatorsâ(µ, s) andb + (µ, s) are extensions of the initial operator a, they are associated withǎ , and their domains are given by the respective (58), 59) and (56), the operatorsb(µ, s) andâ + (µ, s) are extensions of the initial operatorb(µ, s), they are associated withb, and their domains are given by the respective (60), 61) and (52).
Using arguments similar to those in subsec. 4.4, it is easy to prove that there are no other pairs of closed mutually adjoint operators that are extensions of each pair a(µ, s),b(µ, s).
Point s = 0
In this case, the general real-valued solution of eq. (10) is given by
It is evident that the real-valued φ(x) (62) is positive in (0, ∞) iff A > 0, B = 0. Because a constant positive factor is irrelevant from the standpoint of generalized oscillator representation (6), (11) forȞ, we can set A = 1without loss of generality.
As a result, we have a unique pairǎ,b of mutually adjoint first-order differential operations,ǎ
providing unique oscillator representation (6) with s = 0 forȞ with α = −1/4,
We then introduce the initial operatorsâ andb associated with the respectiveǎ andb and construct the pairs of operatorsâ,â + andb,b + as all possible extensions of the pair a,b to a pair of mutually adjoint closed operators. A procedure follows the standard way adopted in the previous subsection. The result can be formulated as follows.
It is easy to see that formulas (63) and (64) can be obtained from formulas (46) and (47) by setting µ = π/2 and taking the limit s → 0. Moreover, we can verify that all the results concerning the properties of operatorsâ + ,b + ,â,b, including their domains and the equalitiesâ =b + ,b =â + , can be obtained from the corresponding results for the operatorsâ + (µ, s),b + (µ, s),â(µ, s),b(µ, s) in the preceding subsection by setting µ = π/2 and taking the limit s → 0, so that we can setâ
The final conclusion of this section on the case of the coupling constant α = −1/4 is that the results of the previous subsection for the operatorsâ
Oscillator representations
Now we are in a position to answer the question on generalized oscillator representationŝ
or equivalentlyĤ
whereĉ andd are densely defined closed first-order differential operators andĉ + and d + are their respective adjoints, for all Calogero HamiltoniansĤ e with any coupling constant α ∈ (−∞, ∞). We recall that anyĤ e is a s.a. operator associated with Calogero differential operationȞ (1) with the same α. An answer to the question is essentially different for the region α < −1/4 and for the region α ≥ −1/4.
We can say immediately that any Calogero HamiltonianĤ e with α < −1/4 does not allow generalized oscillator representations (65) or (66) because such a representation would imply thatĤ e is bounded from below, whereas any Calogero Hamiltonian with α < −1/4 is not bounded from below [5] . This conclusion is in complete agreement with that according to sec. 3, there is no generalized oscillator representation (6), (11) for Calogero differential operationȞ (1) with α < −1/4.
As to the second region of the couling constant α ≥ −1/4, we show in what follows that any Calogero Hamiltonian with α ≥ 1/4 does allow generalized oscillator representations (65) or (66), in fact, a family of such representations, one-or two-parameter. In accordance with the program formulated in Introduction and according to the above results, we have two families of Calogero Hamiltonians in a generalized oscillator form, which represents a two-parameter family of oscillator representations for a unique Calogero HamiltonianĤ 1 with given coupling constant α ≥ 3/4.
Taking s = 0 in the r.h.s of (69), we obtain the known one-parameter family of oscillator representations for the nonnegativeĤ 1 [2] which are the optimum representations from the standpoint of an optimum estimate on its spectrum from below.
According to [5] , the spectrum ofĤ 1 is given by specĤ 1 = [0, ∞) and is continuous, which agrees with that kerâ(µ, s) = {0}, ∀µ, ∀s.
Taking µ = π/2, s = 0 in the r.h.s of (71), we obtain the known oscillator representation for the nonnegativeĤ 3,±π/2 [2] which is the optimum representation from the standpoint of an optimum estimate on its spectrum from below.
According to [5] , the spectrum ofĤ 3,±π/2 is given by specĤ 3,±π/2 = [0, ∞) and is continuous, which agrees with that kerâ(µ, s) = {0}, ∀µ, ∀s.
HamiltoniansĤ
For each α in this region, we have the identitiesb(µ, s) =â + (µ, s) andb + (µ, s) =â(µ, s), see (43) and (41), so that with taking into account subsubsec. 6.1.1, formula (69), we find
which is another representation of the known two-parameter family of oscillator representations (69) forĤ 1 followed by an appropriate comment.
A reasoning concerningĤ eb in this case is completely similar to that in the previous subsubsection for the case of α ≥ 3/4. According to (43) and (41), we have the identitiesb(π/2, s) =â
, so that with taking into account subsubsec. 6.1.2, formula (70), we find
which is another representation of the one-parameter family of oscillator representations forĤ 2,±π/2 that is a restriction of the known two-parameter-family of oscillator representations (70) to µ = π/2. Of course, the comment following (70) holds.
We have to find the asymptotic behavior of functions belonging to the domain D H eb(µ,s) of the operatorĤ eb(µ,s) , µ ∈ [0, π/2), s ∈ [0, ∞), κ ∈ (0, 1), at the origin. We begin with representing the asymptotic behavior of functions φ(µ, s; x) (16), µ ∈ [0, π/2), s ∈ [0, ∞), κ ∈ (0, 1), at the origin.given in (18) in a new form:
By definition of the operatorĤ eb(µ,s) , its domain
The first condition implies that χ allows representation (35) with x 0 = 0 and, in general, D = 0, while the second condition implies that η(x) = O(x 1/2 ), x → 0, see (44), (31). Estimating the integral term in (35) with such η, we obtain that the asymptotic behavior of functions χ ∈ D H eb(µ,s) , µ ∈ [0, π/2), s ∈ [0, ∞) , κ ∈ (0, 1), at the origin is given by χ(x) = C[(k 0 x) 1/2+κ sin θ(µ, s) + (k 0 x) 1/2−κ cos θ(µ, s)] + O(x 3/2 ), x → 0.
According to [5] , for each α ∈ (−1/4, 3/4) (κ ∈ (0, 1)), there is a one-parameter family of s.a. Calogero Hamiltonians with such asymptotic behavior of functions belonging to their domains, namely , the family {Ĥ 2,ν , ν ∈ − 
which represents a one-parameter family of generalized oscillator representations forĤ 2,ν with given α ∈ (−1/4, 3/4), (0 < κ < 1), and ν ∈ (−π/2, π/2). It is convenient to take µ as the independent parameter, then s is easily determined from the relation tan ϑ(µ, s) = tan ν to yield s = s(µ, ν) = 2 (tan µ − tan ν)
, ν ∈ (−π/2, π/2), µ ∈ [0, π/2), κ ∈ (0, 1), , −π/2 < ν < 0 .
It is evident that the spectrum ofĤ 2,ν is bounded from below by −(s min (ν)k 0 ) 2 . If 0 ≤ ν < π/2, this boundary is zero, and according to [5] , this is an exact lower boundary of the spectrum, SpecĤ 2,ν = [0, ∞), and the spectrum is continuous, which agrees with that kerb + (µ, s(ν, µ)) = {0}, ∀µ ∈ [ν, π/2). Taking µ = µ min (ν) = ν and s = s(µ min (ν), ν) = s min (ν) = 0, we obtain the known oscillator representation for the nonnegativeĤ 2,ν , 0 ≤ ν < π/2, [2] , which is the optimum representation.
If −π/2 < ν < 0, we have kerb + (0, s min (ν)) = {cφ(0, s min (ν); x)} = {0} because φ(0, s min (ν); x) = K κ (s min (ν)k 0 x) is square integrable on the whole semiaxis R + , whereas kerb + (µ, s(µ, ν)) = {0}, 0 < µ < π/2. This implies that −(s min (ν)k 0 ) 2 = −4k 2 0 tan ν
is an exact lower boundary of the spectrum ofĤ 2,ν , E 2 (ν) is an eigenvalue ofĤ 2,ν , the energy of its negative ground level, and the normalized eigenfunction of the ground state is given by
According to [5] , for α = −1/4 (κ = 0), there is a one-parameter family of s.a. Calogero Hamiltonians with such asymptotic behavior of functions belonging to their domains, namely , the family {Ĥ 3,ν , ν ∈ − π 2 , π 2 }. The parameter ν is naturally identified with the angle θ(µ, s) in (77), and we establish that H 3,ν =b(µ, s)b + (µ, s) − (sk 0 ) 2 , ν = .θ(µ, s), ν ∈ (−π/2, π/2), µ ∈ [0, π/2), s ∈ (0, ∞), κ = 0,
which represents a one-parameter family of generalized oscillator representations forĤ 3,ν with α = −1/4 (κ = 0) and ν ∈ (−π/2, π/2). It is convenient to take µ as the independent parameter, then s is easily determined from the relation tan ϑ(µ, s) = tan ν to yield s = s(µ, ν) = 2e tan ν+tan µ+ψ (1) .
For fixed ν, the function s(µ, ν) (79) is monotonically increasing from s min (ν) to ∞ as µ ranges from 0 to π/2 − 0, where s min (ν) = s(0, ν) = 2e tan ν+ψ (1) .
It is evident that the spectrum ofĤ 3,ν is bounded from below by −(s min (ν)k 0 ) 2 = −4k 0 2 e 2(tan ν+ψ(1)) = E 3 (ν).
Because kerb + (0, s min (ν)) = {cK 0 (s min (ν)k 0 x)} = {0}, whereas kerb + (µ, s(µ, ν)) = {0}, 0 < µ < π/2, this boundary is an exact lower boundary of the spectrum ofĤ 3,ν , E 3 (ν) is an eigenvalue ofĤ 3,ν , the energy of its negative ground level, and the normalized eigenfunction of the ground state is given by U 3 (ν, x) = 2|E 3 (ν) | x 1/2 K 0 (|E 3 (ν) | 1/2 x).
According to [5] , the spectrum ofĤ 3,ν is given by SpecĤ 3,ν = {E 3 (ν)} ∪ [0, ∞), and the semiaxis [0, ∞) is a continuous part of the spectrum. Setting µ = 0, s = s min (ν), in (78), we obtain the optimum generalized oscillator representation forĤ 3,ν , ν ∈ (−π/2, π/2), bounded from below, but not nonnegative.
